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ABSTRACT 


The Tsypkin and Jury and Lee stability criteria are 
useful for obtaining constraints for certain nonlinear sam- 
pled-data systems. 

The Tsypkin criterion assumes no knowledge of the 
nonlinearity, while the different Jury and Lee criteria as- 
sume varying degrees of information about the nonlinear el- 
ement.-.In this way the.7dsypkin. criterion produces) asmore 
conservative result than the Jury and Lee criteria. 

These criteria are extremely laborious to evaluate 
Without the aid of a digital computer. 

In this thesis a method of evaluation using root 
locus techniques is developed. Without a computer the dif- 
ferent criteria can be evaluated quickly and with reasonable 
accuracy. The method is pased upon the root locus interpre- 
tation of the Popov criterion for continuous-data nonlinear 
systems, developed by H. D. Ramapriyan, M. D. Srinath, and 
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CHAPTER 1 INTRODUCTION 


The nonlinear sampled-data system under consid- 


erecuaon 1s "shown in Fie. 1.1. 


R(s}=9 ——— ———— es) a 


FIGURE 1.1. TYPICAL SYSTEM CONSIDERED 
In the above figure G(s) represents the linear por- 
tion of the system, and the symbol g represents the nonlinear 
element. 

Tne sour stability criteria which will be investi- 
gated are all valid for systems of the type shown in Fig. 
ee wh compensation method based on the Tsypkin criterion 
utilizes a filter which cascades with G(s). 

The stability theorems discussed are expressed in 
the z-domain. In order to investigate whether the various 
criteria are satisfied for given systems it is necessary to 
evaluate them for 2 = oy on the unit circle in the z-plane, 
or in other words for|z|= 1. To obtain the root locus meth- 
od of evaluation it is necessary to use a bilinear transfor- 


mation (z = rtl/r-1) which transforms the unit circle in the 


2 
z-domain into the imaginary axis in the r-domain. After 


this the criteria are manipulated in a form which is trans- 


formed again by use of another transformation x = otc 
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CHAPTER 2 THE TSYPKIN CRITERION 


2.1 Evaluation of the Root Locus Method 
For systems of the type shown in Fig. 1.1, and 
nonlinear elements with the properties and form as shown in 


Fig. 2.1, stability is guaranteed if? 
re[a(a]+ Wika for_|zl= 1. Cok) 
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(c(t) 


FIGURE 2.  TSYeKIN.CRITERIOMNM - 


By use of the bilinear transform (2.1) becomes 
re[a(r)] + 1/K >O for -O<gw,.¢ om where r= jw, (ase) 
The function G(r) is now written as 


m.(r) + n.(r) 
azjes SL fe : (2.3) 
mao et ne) 
m,, r ny % 
where m(r) refers to the terms of the polynomial in even 


powers of r and n(r) the terms in odd powers of r. 


Substituting (2.3) into (2.2) yields 
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taining many products and sums of m(r) and n(r). The real 
terms are those containing the products of even terms in r, 


or those in odd terms of r. Therefore (2.4) reduces to 


Ie Der ey. fe 2 
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Therefore we have 
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The stability criterion now becomes 
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and if there exists a positive value of K such that 
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onesoof even multiplicity.’ This can be easily seen by fac- 


toring (2.9) for some K which yields positive real roots. 


eran) (rd) (x - fede tf - jeer... ieee (2210) 
Equation (2.10) is negative for positive values of x which 
are less than y when n is odd. When n is even, all values 
of x>O yield a positive result for (Qe 

Equation (2.9) is easily investigated by use of a 
root locus diagram with K as the varying parameter. The 
values of K which yield part of a branch ’on the positive 
real axis do not satisfy the criterion.. It is definitely 
not satisfied for any value of K, if a complete branch 


exists on the positive real axis. 
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P, (x) and Do (x) are obtained from substituting the 


above values for m(r) and n(r) into (2.6). 
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Substituting (2.11) into (2.9) yields 
(x + 4.68) (x + 1.73) + .5K(x +..295)(x - 4.54) = 0(2.12) 
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Tivesroces locus plot for’ (2.12) is shown in Fig. 2.2. 
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increase in K results in’ two separate positive roots of 


(2.12). The criterion is no longer satisfied. Therefore. 
Ks6.77. 
7 S est 
(b) G(s) = STenrel T= 1 sec. 
i) PS eek 
G(r} = r+ 2,16 
p, (x) Shs, 67 
po(x) = x - 2.16 ei. ee) 
Substituting (2.10) anco (<.9). yields 
Sdn F hie - 2.16) =-0. (2.14) 


The plot, is shown in Fig. 2.3. 
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The maximum allowable value 
Evaluating K at x = O produces the 


Therefore KX 2.16. 
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FIGURE 2.3  TSYPKIN ROOT LOCUS FOR G(s) = Sisarely 
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py (x) = x + 4.67 
po(x) = -1.5(x + .119) (2.15) 
Substituting (2.15) into (2.9) vrelds 
Mere Oy x LOK +. b19). =-0. (2.16) 
Fig. 2.4 is the resulting root locus for (2516) x 
A negative sign occurs in (2216). Applying (2.8) 
it is seen that as 
eo ae 129) x(1 = 1.5K)—- em for KC. 66% 
From Fig. 2.4 the maximum allowable value of K occurs: at 
x= 10, for which K = .667. Therefore K< .667. A nega- 


tive sign will occur in (2.9) for functions which produce 
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a frequency plot of G(z) entirely within the left hand z- 


plane. 
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CHAPTER 3 COMPENSATION BASED ON THE TSYPKIN CRITERION 


3.1 Development of the Method 

In this chapter a method of filter compensation 
is developed to achieve improvement in the static accuracy 
and transient response of a given system. 

The Tsypkin criterion in the r-domain is 

Re Br) + 1/4 >0 for -o<w,<¢o. 

A filter will be cascaded with G(r) in the r-domain. When 
the value of the constants of the filter are known it will 


be evaluated in. the.s-domain. “The filter will be 


pel aceoce (37) 
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where a and c are constants to be determined. 


m, (2) + acrn, (r) + n, () + acrm, (1) 


G(r) = mo (r) ts nolricr Ge no (r) oe mo(r)er 


The criterion becomes 
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Following the same procedure as in section 2.1, the stabil- 


ity criterion now becomes 
p(x) + Kpg*(x) >0 for all ee ‘Sey 
The criterion is satisfied if for 


X—e0O p,* (0) + Kp, * (x), eed) 


and if there exists a positive value of K such that 


p, *(x) + Kp, *(x) = 0) (2259 


has no positive real zeros with the exception of Zcoincident 


ones of even multiplicity. 
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With (2.6) and the above equation we have 
py*(x) & Do (x) - cp, (x) + ac” xp, (x) me p, (x)ac. 


(3.5) now becomes 
: (x + 1/e*)p, (x) + K/c* (po (x) 4 cp (x)) 
- ak (xp, (x) = p,(x)/c) a0 (3.6) 


To obtain the required filter it will be necessary to 
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select values of c and evaluate K and a from (3.6) by the 


root locus method. 


3.2 Examples of the Compensation Technique 
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Pipetitubing (2.15) anded 3.7) tanto (3.6) yields 
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Substituting ¢c into (3.8) yields 


0 (36) 
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For a = O the path of the poles of (3.9) is plotted in 
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FIGURE 3.1 COMPENSATION FOR G(s) = 45>-2— 
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Prom fig. 3.<e it can be seen that if K.is made equal to 3.34, 
eemish-eqdual zero to Satisty the criterion. This will result 
in an unrealizable filter. One way of circumventing this 
problem is to choose a value of K< 3.34, and solve for the 
resulting a which will produce two coincident roots of (3.9) 
pi the positive. real axis. In thiscase let_K = 3.3. (3.9) 
becomes 
eee ee ed ep OA) tow Oeax( x 505) 

= 0, (3410) 
Bromegie wee eee Cel. let a.=..02.. The filter in the 


r-domain is obtained by substituting for a and c into (3.1). 


See we LT 


oka ss, bese prmerreem 


Pe 
ainda ox = t1er .0825 


G.t(r)G(r) ews oe rome 0 ole + 100) 


In order to obtain the filter in the s-domain a 
convenient method by Kuo? will be used. Let G'(s) equal the 


plant without the zero order hold. For this case 


Gits)-= i . Therefore the z-transform of 
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To make the filter realizable a remote pole must be added to 


Gis). For instance add 100/(s + 100). 


Therefore the fimel fitter is G(s) = 


ini) Choose c = .99 
Substituting c into (3.8) produces 
eo fe 02) 505K (ag Sak 75) (x +-.076) 
ee ake eee eG) =) Oe ICL) 
Popooea) Fie path opecbe poles of Si1L as “plotted in Fig. 
eerie. 3.4 18 the root locus plot or (3°11) with a ~ 0. 
From Fig. 3.4 it can be seen that if K = 5.65, a must equal 
zero. Therefore choose K less than 5.65. For this case let 
=e). e t 3. LL) becomes 
(Coemebede. i345) (x =.) L6ov+egL.33)) 
= 2 Shaxlse —-). 326) =6Qy (3,12) 
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FIGURE 3.4 COMPENSATION FOR G(s) = 
For large x (3.12) approaches (1 - 2.3la)x. Applying (3.4) 
mevsce that as xo (2 = 2.31e)x—-owonly for a< .433. adhe 
same result, a<.433, is obtained from the root locus plot 
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Again with the addition of a remote pole the final G,(s) is 


(s) es -~62(s = 4.08) (s 3 ro) 
C — Ge +-05.8)(s +100). 


In these examples the addition of filters has 
certainly improved the gain sector from the value of 667 
epeained trom section 2.cc Lor this system. “The> unknown 
result is the transient response of the new systems. In 
many examples it was found that with the addition of a fil- 
ter the transient response Secmies extremely sluggish. It 
was found not possible to predict in what way different sys- 


tems would be affected. 
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CHAPTER 4 JURY AND LEE CRITERION NO. 1 


4.1 Development of the Root Locus Method of Evaluation 


For systems of the type shown in Fig. 1.1 and non- 
linear elements with the properties and form as depicted in 


Figs 4.1, stability is guaranteed ize 


2 
roforen( - ats= 1), ifx - Ktallz - 1)G(z “>0 


for |z|= 1 and some q>0. (4.1) 
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FIGURE 4.1 JURY AND LEE CRITERION NO. 1 
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into the above equations and then into (4.2) we obtain 
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(1.4) must satisfy the same. conditions as (2.7). (4.4) is 


investigated by use of the root locus for varying K and q. 
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For this system 
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Substituting (2-4-)-andiie>)s inte (h-+)—and<setting the 
result equal to zero yields 
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Ramee ee 06s 0552/8 0. (4.6) 


hetee 
Kt is chosen as the value of the largest negative 
a. c. gain (slope of curve at any point) of the nonlinearity 
and the resulting K for this value is determined from (4.6). 
As an example, Kt = O would fit a dead zone type nonlinear- 
ae With Kt = 0 (4.6) reduces to 
eet 05) (or 1,73) et OK (x = 458) (e+ 2295) 


Pak (2.508 (x = 1.07) (x + 2248) — 
ae ee a Bie at O. (4.7) 


For q = O the path of the poles of (4.7) is already 
phocted (Fis. <«2) .eese@coonxasek ©6777 insageth.2, there 
are two roots on the positive real axis and no value of q 
will remove both of them. Therefore, for K' = 0, K< 6.77 
and qg = O. 

For other values of K' the same value of K is 
found. The sector cannot be increased, and there is no 
improvement over the use of the Tsypkin theorem for this 


Jury and Lee criterion. 
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X-PLANE 


q740 Re 
kt=0 
movable 
poles 
q=0 
ota ie 
PIGURE 2.2 oJ. AND L. NO.gtaO0OT LOCUS G(s) s(than see) 
-sT 
Totem 
e“{s + 1) 
Swe se wes ey 
D3 (x) gtk eg ism 
p, (20) SOP 5x VOR 2875R £10064, (4.8) 


Substituting (2.15) and (4.8) into (4.4) and setting the re- 


sult equal to zero yields 


q PIM 25 | xen 0 
perc) ee ge(e 119) + oa eee) 


Remote ets 75x + 0064) F-5 () 0) 
x +1 


4a) 3 16) $40 
(4.9) reduces to 


(ere 07 jms Ok xs 72.129) 


peek 5 ite) = 42725) (e073) sa. | (4.10) 


20 
poe 1, Pig. 2.4 becomes the root locus plot of the poles 


of (4.10). From Fig. 4.3 it can be seen that it is possible 
to find a q such that there are no positive real roots of 


(eo tor. given Kyoup te x = 42725. 


X-PLANE 
(inverse r.1.) 
: movable pole 
\g=0 
= Q=co oo) re 
3 eccrine 
4.725 oe Re 
-Ss 
FIGURE 4.3 J. AND L. NO. 1 ROOT LOCUS G(s) =+,>2—, A 
s~(s + 1) 


For values of K which yield the position of the movable 
pole at less than 4.725, no q can be found. The value of 


heotoxa= 4.725..i8 


peel 2 bey 
SOF SERIE Pepr au) \ Fees Ore ; 
Substituting K =) 1.3 into: (4.10) résults in 
e io ° e <= 
5.95 (x (h.725) pdeealen oh 725) (xt 6075) = 9 © (4.12) 


from Fig, 4.4 1t can be seen that. a branch of the root lo- 
cus of (4.11) will pass through x = 4.725. If q is evalu- 
ated at this point a double root of (4.10) will be produced, 


satisfying the criterion. The value of q at x = 4.725 is 


7. = 


‘ ee ; 
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i] 
j oP / 
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4, 3 
} 
. 
| : 
iy / 
} 
v4 i 
=! 
>= 
1 
r ; 
/} 
f 
| | 
) 
; , 
a , ‘ 
| 
q F 
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; ; a Al 
h <~- | gotowebiedul 


-_ 


7 ys Np a. 


° 


—. . >» ' ; - 
oth dil) gt ee 


ely 
(ope emerore K< 1.3) for Kt =.0 snd qo = 87: 


Im 
X-PLANE 
(inverse r.J.) 
-1.0 -.075 . Re 
qo | 
k'=.10.0 seu 
k= 13 


-s 
PIGURE 1.) -J. AND L. NOMGMROOT LOCUS‘E(s) = a P 
7 (eo) 

si a a le a 
Substituting K' =~1 into (4.9) produces 
Seo Vee TY) 

20m Xx = ALO. es re, 
The same evaluation procedure as for K' = O in part i holds 


Poretiie case. The résult is K< .965, for K'-= liand a q 
a 29G5. 

ian. Ke, =i2 
Substituting K' = 2 into (4.9) produces 


Gate Gpjeetih ox (Gasredio) oa2-CbaKiei ts 06) seo sahsiy.a5) 


As x--o (4.13) approaches monly for KX .667. The root lo- 
cus investigation of (4.13) yields the same result. This 
is the Tsypkin value. This is the same result as is ob- 
tained for all ce. Therefore for this example the Jury 


and Lee criterion reduces to the Tsypkin criterion for Kl ee 


ae 
CHAPTER 5 JURY AND LEE CRITERION NO. 2 


5.1 Development of the Root Locus Method of Evaluation 
For systems of the type shown in Fig. 1.1 and non- 
linear elements with the properties and form as shown in 
Pigs-5.1, stability#is guaranbeed aoe 
2 
re[o() (2 + q(z - fs « ~ fal K' a 1)G(2) >0 


for|z]= 1 and some q. Co) 


| pi ¢(t) 
po)=0. 

pelt) re 
0< Ee Ke 


( 
-K'<d Ol Clt) <K' 
d C(t) < 


cit) 


K< K' (implied) 


FIGURE 5.1 JURY AND LEE CRITERION NO.< 


Jury and Lee, in one of their papers“, state that 
they have not found practical cases where q<O produced mean- 
ingful results. Therefore only q>O will be investigated. 


The criterion reduces to 
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R 
nofocerca » a - n+ = okt (2 — 1)6(2) | 20 
£ 


or |z| = 1 and q >0. (Buea 
By use of the bilinear transform (5.2) becomes 
rafocn 1+ = 1 Pes eat 
( 1) |e eee = 
for -wm<wWy, <cmand q>0. toes, 


HONS m,(r) + n,(r) 


mo ea Ny r 
ne |za0(5) 2q(-mymo(r) + nyno(r) + r(mng(r) - myn, (r))) 
r- pf (aL = r°) (m5 (x) - ns (r)) 


Using (4.3), (2.5), and (2.6) the above equation becomes 


vel 2 G(r) 2a(p, (x) - pp(x)) 
nek pair emee 


With the above equation, (2.5), and the other substitutions 


used in section 4.1, (5.3) becomes 


2aK(p3(x) - Po(x)) 2KK' gp) (x) 
Be ee i a 
| for all x >O and some q>0. Ces 


(5.4) must satisfy the same conditions as (2.7). 

From Fig. 5.1 it can be seen that to completely 
fill the sector K<K!. If K >K't the sector is limited to 
Migend 4f Kou the sector teqlimited to K. If K-=,K!' the 
maximum sector width is obtained. In the evaluation of 
this criterion by the root locus method a value of Kons 
picked (Tsypkin value), and K and q are evaluated. If 


K>K! the value of K! is too low and a larger value is 


~ 


oe 
| > ash e027 
= f 


- ot 
(Soupiaiy we 


2h 
pieked: ssEfykK.= K'.=— Tsypkin value ‘the sector cannot. be im- 


proved. If the new value of K is less than K! then K' is 


too large. This continues until a value of K' = K is found. 


dee ee eempLes of the Jury and Lee Criterion No. 2 


Pa a hi . 
(a) G(s) tales ire 2) zk Desec. 


Substituting (2. 11} "and (4.05) ainto (52h) and *set- 
ting the result equal to zero yields 
ie 68) (x + 227d) ero (x P75.) (x + .295) 
+ Bak(he 506s. 67) -- ek 'Q( s25xI4" 7056) = 0. (5.5) 
For this example K (Tsypkin) = 6.77. 
i) “try kh = or7es 
Substituting the above into (5.5) yields 
OR xO 73 ) Pe OKC 54) (x 295) 
er Old h( OAR 259 SO SER STG) 
For q = O the path of the poles of (5.6) for varying K is 
Plotted in Fig. ‘2.2. It'is possible to find a q such that 


(5.6) has no positive real roots up to the value of K which 


places a pole at x = 1.59 in Fig. 5.2. 
tm. 


_X-PLANE 


(inverse r.l.) 
movable poles 
Hes 905 q:=0 


wnt 4 "4: =o 
NP N59 Re. 


FIGURE 5.2 J. AND L. NO. 2 ROOT LOCUS G(s)= ashes 


£5 
Evaluating K at x = 1.59 produces K = 7.48. Therefore 


K< 7.48. This producés*one-root of (5.6) at x= 1.59. But 
the roots must be of even multiplicity, so q must be evalu- 
ated at 1.59 also. However, since K >K', K! was chosen too 
low for the maximum sector. 
ii). Tryaers( 7200 
This value of K' produces a K<{ 6.85, which means 
frau K' >Ki 5 thenefonesk' as too large. 
iii) Try Kt = 6.95 
Substituting this into (5.5) produces 
ond HGS) (x h+-i. 73) be. Shle Shei5y) (eat 19295) 
S.6Gok bers bra3 e230 3460547) 
Evaluating Kfat x= 1.23 uyieldsskK<6.95. .cThis will give 
the maximum sector, and q must now be evaluated at x = 1.23 
to obtain two roots of (5.7) at this point. Substituting 
K = 6.95 into (5.7) yields 
Me 5 123) x 695) = 8 195 g(a a eo 0. (ono) 
The root locus diagram of (5.8) is shown in Fig. 5.3. Eval- 


wating q at x= 1.23 results in q= .83. 


Im. 
X-PLANE 
(inverse r.1.) 
evaluate at 1.23 
635 Re. 
q=0 
k= k'=6.95 


-S 
FIGURE 5.3. J. AND L. NO. 2 ROOT LOCUS G(s) ==-sety Tere)? B 


26 
aul 


Cos ee Te uae 
s<(s +-1) 
Substituting (2.15) and (4.8) into (5.4) and set- 
ting the result equal to zero produces 
eye 7 )) = 1 oR (eh eo eb eak( eoeee 1178) 
Sei tot. 25x + 70068) = 0, Cay, 
i) -Let Kt = .667 (Tsypkin value) 
(5.9) ‘becomes 
Pena 7) Ti5K(a e119) + eak( :333)(x 475.2) *="02(5.10) 
Fig. 2.4 is the root locus plot of the poles of (510 )5 
From Fig. 5.4 it can be seen that K can take on any value 
and a q can still be found so that there are no positive 


real roots of (5.10). Therefore K' is too low. 


Im. 
X-PLANE 
(inverse r.J.) 
movable 
\ pole 
- ~q=0 
eee 
“oN Re 


=o 
FIGURE 5.4 J. AND L. NO. 2 ROOT LOCUS G(s) = -—=— 

s~(s + 1) 
Fie leae resmieMisremtained For all K'1<2. For K' >2, (5.9) 
does not approach infinity as x approaches infinity for 
foi soot. winersiore, for Kt si¢,.Kk = ca. But this means the 


nonlinearity will never exceed a sector widbh.ofsks., 


et kA 


Ps 
iererore: (kx <25- forv kh’ 62. ‘ 


(o) 
~— 
G2 
~—_— 

109) 
atl 
| 


T= 1 sec. 


2 
Gleli= Sy nies + .805r 


216r* rhe ny (r) .28khr 


S 
_ 

2 

ll 


m Cp) Les ip gl dee oan 


Substituting m(r) and n(r) into (2.6) and (4.3) yields 


p, (x) ee Gioe are 

p(x) =n OG 

p(x) = ere 755% 

p, (2) See 5 3) (rel). 51215 


Substituting (5.11) into (5.4) which is set equal to zero 
yields 
575 (xe td. 72) 4. 5OSKy ts 20K (6187){ xn tw3 204) 
- 2KK1q( .0467) (x9 +7 5435) -=00. (5 eke) 
The root locus for q = 0 is shown in Fig. 5.5. 
X- PLANE " 


(inverse r.J.) 
K222.27 


q=o(Tsypkin} 


FIGURE 5.5 TSYPKIN ROOT LOCUS G(s) = 


28 
Thesleunkim value trom Fig. 5.5 is K< 2.27. 


PA Ue Glee ey 
(5.12) becomes 
Soh +, 1.72) > REOS6S) Fe Sq E0Sh) x =O (5.13) 


The root locus for (5.13) is plotted in Fig. 5.6 


X-PLARE 


movable 
pole 
= 
q7£0 
k'=2,27 
-s 
FIGURE 5.6 J. AND L. NO. 2 ROOT LOCUS G(s) = Se 
S Ss) Gr 


From Fig. 5.6:it can be seen that K cannot be larger than 
the value at x8= 0, or_the criterion will be violated. 
Therefore K< 2.27 for K' = 2.27. The Tsypkin and Jury and 


Lee criteria produce the same sector width for this system. - 
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CHAPTER 6 JURY AND LEE CRITERION NO. 3 


en Development of the Root Locus Method of Evaluation 


This criterion deals with monotonically increasing 
nonlinearities. It is valid for systems of the type shown 
in Fig. 1.1 and nonlinear elements with the properties and 


form as shown in Fig. 6.1. Stability is guaranteed co 


Re[o(a(a + aa(2))]+ & + lalle = al >0 


for|z|= 1 and some q. (6.1) 


Z 


cD) 
N 
II 
N 
jj 
p- 
Fh 
ite 
V 
(S) 


| (cit) 
_ Ma)=0 onotonically 
increasing 
0< SGU <K<c \ 
Cit) 


Cit) 


K<K (implied) 


FIGURE 6.1 JURY AND LEE CRITERION NO. 3 


By use of the bilinear transformagion (6.1) becomes 
| A al - | 
Re(G(r)(1 + qQ(r)) + K Bs oii, >0 


for -m<w, ¢<@ and some q. (6.2) 


for q>0 and = Z i for q< 0. 


Q(r) equals 


2 
r¢l 


) A 2s on 
' @ WHPIAND 
ares. | 


= oe 
7 


‘gine, bite 
: ° - 


= _ 


Once again making the same substitutions used in previous 
sections the criterion becomes 


P, (x) es Kpo (x) + arb. ‘(Rte + 1 Vara 


for all x>0O and q>O and (623) 
eae 2qK(po(x) - P (x)) ? 2qKp, (x) 
pe) te Epa tx) + agra K(x + 1) 
for alii >0 andiq< 0. (6.4) 
(6.4) has the negative sign of q already included. (6.3) 


and (6.4) must satisfy the same conditions as (2.7). 


6.2 Examples of the-Jury and Lee Criterion No. 3 


Results will be evaluated in two stages, one for 
“(onc the other fer +q.. AS jm the previous chapter, values 
of K' are chosen and then K is evaluated. For the maximum 


sector, K should equal K'. 


ees ome s 
(a) G(s) = are Ee te Set, 
Lae G0 tines. asigntaecountédsforiin (6°4) ) 
Sepseituuine (2. Peypeando(yesy into (6.4) and setting it | 
equal to zero yields 


(x + 1.68) (x + 1:73 4y4y pik bo Le. Slope ct 295") 


i 2qK(-1.508x* By Nei ea ee 
ck) 2 


2 
Bok (xy +76. bit 8.12) 2 
a3 Ki (seal : (6.5) 
Tye kt er. Pi 


(6.5) becomes 


if 
(sx B66) (x + 1573)-4+ .5K(x = 4.5h) (x4 .2955 


2 
2 Peau ee oo Sh a hee 
a =< = 0 (6.6) 
For 95.0 the rootelocusediagram of (6.6) eis. fotndrin Figkt 
2.2. From Fig. 6.2 it can be seen that K cannot be greater 


then 6.77. (Tsypkin: value). 


X-PLANE 
{inverse r.1.) ovahla 
“poles 
q=0 
eat oe 
at DS. aed Sg sPoeease £ es | 
-1.217 1.0 Ve Re. 
Nee 
k'=6 


-Ss 
t a l-e 
Braun 6.2 od. AND E.NO.,.3- ROOT LOCUS Gein faa (Sto) A 
Zotac) > 
Bubetituting (2.11) and (4.5) into (6.3) and setting the 
result equal to zero produces 


bet 508). + ie eek se te oda) (OOS | 


: 2qk(2.508x* - 2.068x - .67) 
Pe ee 


" 24K (x* ee alae = (6.7) 
4) ory Kt! = 6.77 
ayaa tf 2) 
(Sha yebes (Geta e ext SSA (x + 295) 
Phe soak (x. — ,211 = 42399) (=> 21d oa 


- al - - a 
- x) f yy > tft d + «) 


Be 
Once again the plot of the roots of (6.8) with q = 0 is 


found iw Pise. 2.2. From Fie. 6.3 it-can be seen that’K can 
assume any value and a q can still be found that will take 


the roots of (6.8) off the positive real axis. Therefore K! 


Te boo Low. 


X-PLANE 
movable 
poles 
q=0 
—i> 
sxmcomoneme foes f Re. 
G0 
kK'26.77 
es 


aa) elry kh = 10 
The same procedure as in part i yields 


Coe) xe Leys) + Ke — 4.54) ( x F295) 


Bee roun (x =e Sse SOS80) _ 


From Fig. 6.4 it can be seen that the maximum value of K 
possible and still find a q which will satisfy the rcritter- 
‘eames. thew bie sot wid 6417. Atoxe= .417, K = 7.46. 
Kt was chosen too high, since K<K'. It would now seem log- 
4eal to evaluate K at the point where a value of K' places 
multiple zeros of (6.7) for q # 0 on the positive real axis. 


This value is found to be K! = 9.53. 
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im 
X-PLANE 
movable 
/] poles 
1; 420 
q=0 \—=> 
af 
tennsseng mc ‘t 
«1. 0 bs R e H 
q ao 0 905 
k':=10.0 


-s 
FIGURE 6.4 J. AND L. NO. 3 ROOT LOCUS G(s)==-Say[Sezy° C 


Rt 0.53 in’ (6.7) -produces 
Ore 6G )tx + 173) + 5K SE 5) (et 295) 


2 
2ak(x 2702 
oo Haste aes (6.10) 


126) 6 6.27. TO sacisty the criterion, ¢q must 
TMiererore, sor K° > 9.03, Koe27 andi for 


=i? bo, OK 49.50. 


Reale — 
equal infinity. 


Riese 53.1 Coo. fotherefore;for Ki 


= |]. sec. 


Pp 
] 
(@) 

ts] 


Le Jang <<GO 


Substituting (2.15) and (4.8) into 


Meax(2 vox” 2 Sor7sx' 2178) 
+ 1 


x 


+ Sgt bOM) So, (6.11) 


Try Ki =. 669 J Tsypki nwa lie)) 


(6.4) and setting the 


result equal to zero yields 


(ee e07 pos 1. oK ohs 19) 


i) 


7 
= 4 
| 
a. . 
} 
- 
| . 
}? pee 
j < 


. - <8 avers 


a 


34 
(6.11) becomes 


(aap 2. Gere ibe5k (Gort F019) 


2 


eee Clotre a0. Bee Owe 
Lae Deal = ) = 0. ‘Con | 


(6.12) approaches -oo as x approaches om, for K>.667. 
Therefore for negative q the criterion produces the same 
result as the Tsypkin case. 

ee era 
Substituting (2.15) and (4.8) into (6.3) which is set equal 


to zero yields 
2 K(.5x° 


eer O7 es ok x LG) 


Z : 
+ gk tx + 4.07) = 0. (6.13) 


i) etry ht =. 607 
fee Oye eK (eee 119) 


e 
- 1.645x + 13.6 
+ OKixt = 1.645% + 13.64) _ 9, (ete 


Fig. 2.4 is the root locus plot of the poles of (6.14) with | 
gq as the variable. From Fig. 6.5, the root locus plot of 
(6.14), it can be seen that K' = .667 is too low as K can 
be made any value and a q can be found such that the crit- 
erion is satisfied. As in the previous example the optimum 
value of K' is the value which aes both zeros coincident 
on the positive real axis. This value is found to be K! = 


2.36, Substituting K' = 2.36 into (6.13) we obtain 
2 
ee eer ag ee ee eG (6.15) 


Fig. 6.6 is the root locus plot of (6.15). K = PLO ets 


Sere Leo 


K<oo. Therefore for K! = 2.36, K< 2.36 and q=o. 
X-PLANE 
{inverse r. 1.) 
q:=0 
k's .667 
a a 
sits neha 
=oOoD 
oes 
PeuREsOsse Uc ANDeDseNQa3rR00T) LOCUS G(s) = Wouol abo 
s-(s + 1) 
X-PLANE 
(inverse r. I.) movable 
pole 
q 0 
k= 27736 
ees 
PrGuRee Oso UU. AND eh, NO.* 3 ROOT LOCUS G(s) = 


Therefore forvmusecsoy Ks 2.16. and-for K'<.2. 
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CHAPTER 7 CONCLUSION ‘i 

A root locus method has been developed which makes 
the application of the stability criteria of Tsypkin and 
Jury and Lee practical without the aid of a digital computer. 
The Tsypkin and the first Jury and Lee criterion are the 
easiest to apply, resulting in the desired answer in a 
straight forward manner, while the second and third Jury and 
Lee criteria require closing in on the right value of K' to 
obtain the maximum sector. 

An advantage of the root locus method is that it 
enables one to observe how oh Sauk, the sector width is chang- 
ing for various values of K', and it is possible to gain an 
insight into the general frequency plot of the system under 
investigation. 

All results were obtained using slide rule accuracy. 
In the appendix are Fortran IV programs, which were developed 
to confirm results and to furnish a means of obtaining great- 


er accuracy if desired. 
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APPENDIX COMPUTER PROGRAMS OF THE CRITERIA re 
The following three programs evaluate the Tsypkin 
and Jury and Lee criteria by digital computer to an accur- 
acy of three decimal places. Each of the three programs 
gives the Tsypkin value and the equivalent Jury and Lee 
result. The programs will evaluate systems which have the 


following general form of linear plant and zero order hold. 
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The programs enable any sampling period T to be used. For 


Bem Lp(a, 
sec. the values to be used in a program are T = 1.0, 


example, for the plant G(z) = 


G@ = 368, Wi=\1, i=, =.717, B= 0.0, C = 0.0, D = 0.0, 
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1.0, PhesAS6C1(Re=, Ov} S = 0.0, U.= 0.0, and V = 0.0. 


A- Jury andiLee No.l 


The value of the maximum negative slope gain en- 
countered is specified as ZKD in the program. In this case 
2KD = 0.0. 
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"END 
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